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Abstract
Let G be a restricted direct product of finite groups {Gi}i∈I , and let Zℓ
1(G) denote
the centre of its group algebra. We show that Zℓ1(G) is amenable if and only if Gi is
abelian for all but finitely many i, and characterize the maximal ideals of Zℓ1(G) which
have bounded approximate identities. We also study when an algebra character of Zℓ1(G)
belongs to c0 or ℓ
p and provide a variety of examples.
Keywords: Centre of group algebras, restricted direct product of finite groups, amenability,
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1 Introduction
The L1-convolution algebra of a locally compact group G is amenable if and only if the group
G is amenable. In contrast, there is as yet no ‘intrinsic’ characterization of those groups G
for which ZL1(G), the centre of L1(G), is amenable. It will be convenient to call such groups
ZL-amenable.
The article [1] studied the problem of which compact groups are ZL-amenable. One can
consider the corresponding problem for (discrete) FC groups, that is, the groups in which each
conjugacy class is finite. We note that the problem is solved for finitely generated FC groups:
for, by a result of B. H. Neumann [13, Theorem 5.1], each such group has a finite derived
subgroup; and when a discrete group has a finite derived subgroup, then it is ZL-amenable
by a result of Stegmeir [17, Theorem 1].
The present paper is concerned with a particular class of infinitely generated FC groups,
namely the restricted direct products of finite groups (RDPF groups, for short) whose formal
definition is given below in Definition 3.1. The C* and von Neumann algebras of discrete
RDPF groups were studied in some old work of Mautner [11], but to our knowledge the
centres of their ℓ1-group algebras have not been studied explicitly.
When G is such a group, we are able to study Zℓ1(G) in some detail. We show in The-
orem 3.5 that an RDPF group is ZL-amenable if and only if its derived subgroup is finite.
Then, in Theorem 4.3, we obtain a characterization of those RDPF groups G for which every
maximal ideal in Zℓ1(G) has a bounded approximate identity. (For a commutative, unital
Banach algebra, the condition that each maximal ideal has a bounded approximate identity
1
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can be thought of as a weaker version of amenability. It has been rediscovered and studied in
further depth under the name of character amenability, see e.g. [8, 12] for further details, not
restricted to the unital or commutative cases.)
Using our techniques, in Section 5, we revisit the main counter-example from Stegmeir’s
paper (op cit.), and are able to give simpler proofs of some of his results. In doing so, we are
led to consider when given characters on Zℓ1(G) belong to c0, when viewed as functions on G
in the natural way. We obtain a necessary and sufficient condition for this to occur, and also
study the related question of when such characters lie in ℓp for various exponents p ∈ [1,∞).
2 Notation and other preliminaries
In this section we set up some notation and some preliminary results that will be needed.
Most of these results are well-known to specialists in non-abelian harmonic analysis but we
have repeated them, often in special cases, to keep the present paper more self-contained.
2.1 Important conventions
Since we are interested in discrete groups, we will always equip finite groups with counting
measure, not the uniform probability measure. Occasionally this will mean that in quoting
results concerning harmonic analysis on compact groups, we have to insert a scaling factor.
It should be clear, from context, when and how this is done.
Infinite products and sums over arbitrary indexing sets. In several places we will
want to consider certain infinite sums or products where the numbers involved are indexed by
some arbitrary set I. Since we only need to consider sums of positive numbers and products
of numbers ≥ 1, we shall interpret this as unconditional summation
∑
i∈I
ai := sup
{∑
i∈F
ai : F ⊆ I, |F | <∞
}
when ai ≥ 0 for all i ∈ I; and likewise we define
∏
i∈I
bi := sup
{∏
i∈F
bi : F ⊆ I, |F | <∞
}
when bi ≥ 1 for all i.
Algebra characters and group characters. The Gelfand spectrum of a commuta-
tive, unital Banach algebra A will be denoted by sp(A); usually we shall think of it as the
space of non-zero multiplicative linear functionals, rather than the maximal ideal space.
Unfortunately, the word ‘character’ is used in both Banach algebra theory and in the
representation theory of finite groups, and means two slightly different things. In this article,
to try and prevent ambiguity, we will always use the phrase algebra character to mean a
character in the sense of Gelfand theory, i.e. a non-zero multiplicative linear function from a
complex Banach algebra to the ground field; and we will always use the phrase group character
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to mean a character in the sense of finite group theory, i.e. the trace of a finite-dimensional
(unitary) representation.
Given a group character χ, we say that π affords χ when π is a finite-dimensional repre-
sentation of G whose trace is χ. The degree of χ, which we denote by dχ, is defined to be
the dimension of any π which affords χ; equivalently, dχ = χ(e) where e is the identity of the
group in question.
Remark 2.1. When viewing a group character as the trace of a suitable representation, we
use the unnormalized trace, denoted by Tr, so that the trace of the d× d identity matrix is d.
(In some sources, one normalizes group characters so that they each take the value 1 on the
identity element of the group; our convention is more in keeping with that used in finite group
theory.)
Notation. Recall that ifG is a (discrete) group, its derived subgroup or commutator subgroup
is the normal subgroup of G generated by the set of all commutators of elements in G. We
shall denote the derived subgroup of G by G′.
2.2 General properties of Zℓ1
It is well known that when G is finite, algebra characters on Zℓ1(G) correspond to irreducible
group characters of G. More precisely, we have the following result.
Lemma 2.2. Let G be a finite group. If ψ is an algebra character on Zℓ1(G), then there is a
unique irreducible group character χ of G which satisfies
ψ(f) =
∑
x∈G
f(x)dχ
−1χ(x−1) for all f ∈ Zℓ1(G). (2.1)
Conversely, for each irreducible group character χ on G, the formula (2.1) defines an algebra
character on Zℓ1(G).
This result is well known and has been generalized to the setting of locally compact [FC]−
groups (in particular, it is a very special case of [10, Corollary 1.3].) Nevertheless, we shall
give a self-contained outline of the proof of Lemma 2.2, since this is an instructive warm-up
for the arguments of Section 4, and may help to make that section more accessible.
Sketch of the proof. By standard properties of the nonabelian Fourier transform for finite
groups, Zℓ1(G) is isomorphic as a Banach algebra to CĜ. Hence it is spanned by its minimal
idempotents, which are all of the form |G|−1dχχ for some irreducible group character χ.
Suppose ψ is an algebra character on Zℓ1(G). If we write f =
∑
σ aσ|G|
−1dσσ for ap-
propriate complex numbers aσ, then there exists a unique χ such that ψ(f) = aχ. By Schur
orthogonality, aχ =
∑
x∈G f(x)dχ
−1χ(x−1), as required.
Conversely, if χ is a given irreducible group character on G, then it is easily checked that
defining ψ by (2.1) gives an algebra character on Zℓ1(G).
At certain points below we will rely crucially on a result of Rider concerning norms of
central idempotents in the group algebra of a compact group. (For our applications, we only
need the case of finite groups; but this restriction does not seem to make the result significantly
easier to prove.)
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Theorem 2.3 (Rider; see [14, Lemma 5.2]). Let G be a compact group, λ a Haar measure
on it, and ψ a finite linear combination of irreducible group characters on G. Suppose that
ψ ∗ ψ = ψ and that ∫
G
|ψ(x)| dλ(x) > 1.
Then ∫
G
|ψ(x)| dλ(x) ≥
301
300
.
Remark 2.4. Rider’s result is stated for the case where λ(G) = 1. However, a simple rescaling
argument shows that this is equivalent to the formulation we have given. We also note that
301/300 is not sharp; it appears to be an open problem to determine the best constants here.
The following lemma will be used later, in several places. We would like to thank the
referee for indicating how our original proof could be made much simpler and shorter.
Lemma 2.5. Let H and K be (discrete) FC groups. Then the canonical, isometric isomor-
phism of Banach algebras
θ : ℓ1(H) ⊗̂ ℓ1(K)→ ℓ1(H ×K)
restricts to an isometric isomorphism of Banach algebras
Zℓ1(H) ⊗̂ Zℓ1(K) ∼= Zℓ1(H ×K)
Proof. The map θ is defined by setting θ(f ⊗g)(x, y) = f(x)g(y) for all f ∈ ℓ1(H), g ∈ ℓ1(K),
x ∈ H and y ∈ K. It is easy to see that θ(Zℓ1(H) ⊗̂ Zℓ1(K)) ⊆ Zℓ1(H ×K).
On the other hand, θ(Zℓ1(H) ⊗̂ Zℓ1(K)) is closed in ℓ1(G×H) and contains all indicator
functions of conjugacy classes since 1C(x,y) = 1Cx × 1Cy = θ(1Cx ⊗ 1Cy). Such indicator
functions have dense linear span in Zℓ1(H ×K), so θ(Zℓ1(H) ⊗̂ Zℓ1(K)) ⊇ Zℓ1(H ×K).
3 The restricted direct product of a family of finite groups
Definition 3.1. Let I be an indexing set and (Gi)i∈I a family of groups; let
∏
i∈IGi denote
the set-theoretic product of these groups, which is itself a group in a canonical way. The
restricted direct product of the family (Gi) is defined to be the subgroup
⊕
i∈I
Gi :=
{
(xi)i∈I ∈
∏
i∈I
Gi : xi = eGi for all but finitely many i
}
.
Remark 3.2. Our notation for the restricted direct product of groups is borrowed from
the case where each of the groups Gi is abelian: in this case, the restricted direct product is
sometimes referred to as the direct sum (since the restricted direct product gives the coproduct
in the category of Abelian groups).
The following remark assembles some basic properties of this construction. The proofs are
all easy and are therefore omitted.
Remark 3.3. Let (Gi)i∈I be a family of discrete groups and let G =
⊕
i∈IGi.
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(i) Z(G) =
⊕
i∈I Z(Gi).
(ii) G′ =
⊕
i∈IGi
′.
(iii) If each Gi is nilpotent of class n, then so is G.
(iv) If each Gi is solvable of length n, then so is G.
Inclusion and projection homomorphisms. Let (Gi) be a family of discrete groups,
and let F ⊂ I; write F c for I \ F . Since⊕
i∈I
Gi ∼=
(⊕
i∈F
Gi
)
×
(⊕
i∈F c
Gi
)
by Lemma 2.5 we obtain an isometric isomorphism of Banach algebras
Zℓ1(
⊕
i∈I
Gi) ∼= Zℓ
1(
⊕
i∈F
Gi) ⊗̂ Zℓ
1(
⊕
i∈F c
Gi). (3.1)
Hence, if we write EcF for the identity element of Zℓ
1(
⊕
i∈F c Gi), there is a unital, isometric,
homomorphism of Banach algebras
ıF : Zℓ
1(
⊕
i∈F
Gi)→ Zℓ
1(
⊕
i∈I
Gi) (3.2)
defined by ıF (a) = a ⊗ E
c
F . When F is a singleton, say {j}, we denote ıF by ıj. If we
denote by εF c the augmentation character on Zℓ
1(
⊕
i∈F c Gi), and denote by idF the identity
homomorphism on Zℓ1(
⊕
i∈F Gi), then there is a unital, surjective homomorphism of Banach
algebras
PF = idF ⊗ εF c : Zℓ
1(
⊕
i∈I
Gi)→ Zℓ
1(
⊕
i∈F
Gi) (3.3)
which satisfies PF (a⊗ b) = εF c(b)a for all a ∈ Zℓ
1(
⊕
i∈F Gi) and all b ∈ Zℓ
1(
⊕
i∈F c Gi).
If (Gi)i∈I is a family of finite groups, we call
⊕
i∈IGi a restricted direct product of finite
groups, or an RDPF group for short. It is easy to show that every RDPF group is a discrete
FC group. Our philosophy in this paper is that the class of RDPF groups is very convenient
from a technical point of view, and can be handled without needing much of the technical
machinery for general FC or [FC]− groups. To illustrate this, we can characterize the RDPF
groups which are ZL-amenable (the problem of characterizing all ZL-amenable, discrete FC
groups remains open).
We recall that the notion of amenability for a given Banach algebra A can be character-
ized in different ways, in particular through the existence of a so-called bounded approximate
diagonal for A. See, for instance, [16, §2.2] for the relevant definitions and proofs. This char-
acterization allows us to quantify the amenability of a Banach algebra via its amenability
constant, which seems to have first been formally introduced in [5], although the underlying
ideas were tacitly recognized much earlier.
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Definition 3.4. Let A be a Banach algebra. The amenability constant of A, which we denote
by AM(A), is
inf{sup
α
‖µα‖ : (µα)α is a bounded approximate diagonal for A}
where we define the infimum of the empty set to be +∞.
Note that if A is a unital Banach algebra, then AM(A) ≥ 1. It is a standard result in the
theory of amenable Banach algebras that if A and B are Banach algebras, with A amenable,
and if φ : A → B is a continuous homomorphism with dense range, then B is amenable. See,
for instance, [16, Proposition 2.3.1], whose proof makes it clear that we furthermore have
AM(B) ≤ ‖φ‖2 AM(A).
As mentioned in the introduction, Stegmeier [17] showed that if G′ is finite then G is
ZL-amenable. One may ask if the converse holds, within the class of FC groups: that is, if
G is a discrete FC group which is ZL-amenable, is G′ necessarily finite? The following result
gives a positive answer in the special case where G is an RDPF group.
Theorem 3.5. Let (Gi)i∈I be a family of finite groups and let G =
⊕
i∈IGi. Then the
following are equivalent:
(i) Zℓ1(G) is amenable;
(ii) Gi is abelian for all but finitely many i;
(iii) G is isomorphic to the product of a finite group with an abelian group;
(iv) the derived subgroup of G is finite.
Proof. We start by defining N = {i ∈ I : Gi is non-abelian}.
(i) =⇒ (ii). As observed in [1], it follows from Rider’s result (Theorem 2.3) that AM(Zℓ1(H)) ≥
1+1/300 whenever H is a finite nonabelian group. Now suppose Zℓ1(G) is amenable, and let
F be a finite subset of N . Recall that we have a quotient homomorphism of Banach algebras
PF : Zℓ
1(G)→ Zℓ1
(⊕
i∈F Gi
)
, as defined earlier in (3.3). Therefore, by the remarks following
Definition 3.4,
AM(Zℓ1(G)) ≥ AM(Zℓ1(
⊕
i∈F
Gi)).
Moreover, it was proved in [1] that
AM(Zℓ1
(⊕
i∈F
Gi
)
) =
∏
i∈F
AM(Zℓ1(Gi))
Hence
AM(Zℓ1(G)) ≥
∏
i∈F
AM(Zℓ1(Gi)) ≥ (1 + 1/300)
|F |.
Since F was an arbitrary finite subset of N , this shows N is finite.
(ii) =⇒ (iii). This is clear.
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(iii) =⇒ (i). If K is finite and A is abelian, then by Lemma 2.5,
Zℓ1(K ×A) ∼= Zℓ1(K) ⊗̂ Zℓ1(A) = Zℓ1(K) ⊗̂ ℓ1(A).
The right-hand side is the projective tensor product of two amenable Banach algebras, hence
is amenable by standard hereditary properties of amenability. (See e.g. [16, §2.3].)
(ii) ⇐⇒ (iv). We have G′ =
⊕
i∈I Gi
′ (as observed in Remark 3.3(ii)). Therefore G′ is
finite if and only if Gi is abelian for all but finitely many i.
4 Bounded approximate identities in maximal ideals of Zℓ1(G)
It is well known that if A is an amenable, unital, commutative Banach algebra, then each
maximal ideal of A has a bounded approximate identity. (See, for instance, [16, Lemma
2.3.6].) Moreover, the proof shows that the norms of these bounded approximate identities
are bounded from above by 1 + AM(A).
When G is an FC group, Zℓ1(G) has been studied by Stegmeir in [17], where he gives an
example in which Zℓ1(G) has a maximal ideal without a bounded approximate identity, and
is therefore non-amenable. This example (see Example 5.8 below) is in fact an RDPF group.
We are therefore motivated to address a more general question: if (Gi)i∈I is a family of finite
groups, G is their restricted direct product, and ψ ∈ sp(Zℓ1(G)), when does ψ have a bounded
approximate identity? This will be answered by Theorem 4.2 below.
First, we need an explicit description of sp(Zℓ1(G)) in terms of the individual groups Gi.
This is given by the following theorem, which is essentially known but which we state explicitly
for convenience and clarity.
Theorem 4.1. Let (Gi)i∈I be a family of finite groups and G their restricted direct product.
Then there is a homeomorphism from sp(Zℓ1(G)) onto∏
i∈I
sp(Zℓ1(Gi)) := {(ψi)i∈I : ψi ∈ sp(Zℓ
1(Gi)) ∀ i ∈ I}
equipped with the product topology. In particular, sp(Zℓ1(G)) is totally disconnected.
The short proof given below is due to the referee, and makes use of the general results of
Liukkonnen and Mosak [10, §1] for locally compact [FC]− groups. One could instead give a
direct but lengthier proof, using only Lemma 2.2 and the definition of the Gelfand topology.
(Note that the exposition given in [10, §1] is not self-contained, and rests on previous papers
of Hulanicki and Mosak.)
Proof. Let C be the convex set consisting of all positive definite, conjugation invariant func-
tions ψ on G with ψ(e) = 1, and let Ch(G) denote the set of extreme points of C. By [10,
Proposition 1.1 and Corollary 1.3], sp(Zℓ1(G)) is canonically homeomorphic to Ch(G) when
we equip the latter space with the topology of pointwise convergence. Therefore it suffices to
show that Ch(G) =
∏
i∈I Ch(Gi).
It is clear that for each ψ ∈ Ch(G), ψ|Gi ∈ Ch(Gi) and the mapping Ψ : Ch(G) →∏
i∈I Ch(Gi), ψ 7→ ψ|Gi is continuous. Moreover, Ψ is surjective, since its image contains all
finite products. Hence it is a homeomorphism since Ch(G) is compact.
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Let G be a finite group. As observed in the proof of Lemma 2.2, the Gelfand transform
maps Zℓ1(G) isomorphically onto CĜ, and an explicit formula for the inverse of the Gelfand
transform is
(api)pi∈Ĝ 7→
1
|G|
∑
pi∈Ĝ
apidpi Trπ (4.1)
Let ψσ be the algebra character on Zℓ
1(G) that corresponds to the irreducible group
representation σ. The Gelfand transform maps Kerψσ bijectively onto {(api)pi∈Ĝ : aσ = 0}.
Since the latter has an obvious identity element, namely (api)pi∈Ĝ where api = 0 if π = σ and
1 otherwise, we see that Kerψσ has an identity element. Denoting this identity element by
uσ, we have
δe − uσ =
1
|G|
dσ Trσ (4.2)
Now suppose G = G1 × · · ·Gn, in which case we can identify ℓ
1(G) (via an isometric
isomorphism of Banach algebras) with the n-fold projective tensor product ℓ1(G1) ⊗̂ . . . ⊗̂
ℓ1(Gn). Let σ ∈ Ĝ: then for i = 1, . . . , n there exists σi ∈ Ĝi such that σ = σ1× · · ·×σn; and
since dσ =
∏n
i=1 dσi , Equation (4.2) becomes
δe − uσ =
(
1
|G1|
dσ1 Trσ1
)
⊗ · · · ⊗
(
1
|Gn|
dσn Trσn
)
∈ ℓ1(G1) ⊗̂ . . . ⊗̂ ℓ
1(Gn). (4.3)
Theorem 4.2. Let (Gi)i∈I be a family of finite groups, and let G =
⊕
i∈IGi. Let ω ∈
sp(Zℓ1(G)), and let (χi)i∈I be the corresponding family of unnormalized characters. Then
Kerω has a bounded approximate identity, if and only if dχi‖χi‖1 = |Gi| for all but finitely
many i ∈ I.
Proof. We start by setting up some temporary notation. Define for each F ⊆ I finite, HF =⊕
i∈F Gi and H
c
F =
⊕
i∈I\F Gi, so that Zℓ
1(G) = Zℓ1(HF ×H
c
F ). Write E
c
F for the identity
element of Zℓ1(HcF ), i.e. the unit point mass concentrated at the identity element of H
c
F , and
likewise write EF for the identity element of Zℓ
1(HF ). We also write di for the degree of χi.
First suppose that di‖χi‖1 = |Gi| for all but finitely many i ∈ I. As in Equation (4.3),
define uF ∈ Zℓ
1(HF ) by
uF = EF −
⊗
i∈F
1
|Gi|
diχi .
Let ωF := ωıF , where ıF : Zℓ
1(HF )→ Zℓ
1(G) was defined in (3.2). Then uF is the identity
element of KerωF . As ⊗̂ is a cross-norm,
sup
F
‖uF ‖1 ≤ 1 + sup
F
‖
⊗
i∈F
1
|Gi|
diχi‖ = 1 + sup
F
∏
i∈F
(
1
|Gi|
di‖χi‖1
)
<∞ .
Moreover, since ‖ıF (uF )‖1 = ‖uF ‖1, the family (ıF (uF ))F⊂I,|F |<∞ is bounded. We claim that
it is, when ordered by inclusion of finite subsets, a bounded approximate identity for Kerω.
To prove this, it will suffice to prove that
lim
F⊆I,|F |<∞
(ıF (uF )) ∗ f = f for all f ∈ Kerω; (4.4)
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and by a standard approximation argument, we may assume without loss of generality that
f has compact (i.e. finite) support. Thus, given f ∈ Zcc(G) ∩Kerω, let S be the support of
f ; if F is any finite subset of I containing S, then
f = ıSPS(f) = ıFPF (f)
(where PS and PF are the homomorphisms defined in (3.3)). Moreover, 0 = ω(f) =
ωF (PF (f)). Consequently PF (f) ∈ KerωF , and thus
f ∗ ıF (uF ) = ıF (PF (f) ∗ uF ) = ıF (PF (f)) = f
for all finite F containing S. This proves Equation (4.4), as required.
Conversely, suppose that Kerω has a bounded approximate identity say (hα)α. For each
F ⊆ I when |F | <∞ define
ΛωF (f ⊗ g) = ωF c(g)f for all f ∈ Zℓ
1(HF ) and g ∈ Zℓ
1(HcF ).
Since ωF c = ωıF c has norm 1, being an algebra character, we have
‖ΛωF (f ⊗ g)‖1 ≤ ‖f‖1‖g‖1,
and so ΛωF defines a linear contraction from Zℓ
1(HF ×H
c
F ) onto Zℓ
1(HF ), using Lemma 2.5.
Moreover, given f1, f2 ∈ Zℓ
1(HF ) and g1, g2 ∈ Zℓ
1(HcF ), it is easily checked that
ΛωF
(
(f1 ⊗ g1) ∗ (f2 ⊗ g2)
)
= ΛωF (f1 ⊗ g1) ∗ Λ
ω
F (f2 ⊗ g2);
hence, by linearity and continuity, ΛωF is an algebra homomorphism.
Observe, since ωFΛ
ω
F = ω, that Λ
ω
F (Kerω) ⊆ KerωF . Moreover, for each f ∈ KerωF ,
ıF (f) ∈ Kerω, and Λ
ω
F ıF (f) = f . Since uF ∈ KerωF and (hα) is a bounded approximate
identity for KerωF ,
‖ΛωF (hα)− uF‖1 = ‖Λ
ω
F (hα) ∗ uF − uF‖1
= ‖ΛωF (hα) ∗ Λ
ω
F ıF (uF )− Λ
ω
F ıF (uF )‖1
= ‖ΛωF (hα ∗ ıF (uF )− ıF (uF )) ‖1 → 0 .
Because ‖ΛωF ‖ ≤ 1,
sup
F⊆I,|F |<∞
sup
α
‖ΛωF (hα)‖1 ≤ sup
α
‖hα‖1 ≤M
for some M > 0, thus ‖uF ‖1 ≤M for all finite subsets F ⊆ I. Hence∏
i∈F
di
|Gi|
‖χi‖1 = ‖EF − uF ‖1 ≤M + 1 (4.5)
Let i ∈ I. For each i, |Gi|
−1diχi is a central idempotent in the group algebra ℓ
1(Gi); in
particular it has ℓ1-norm ≥ 1. Moreover, by Rider’s theorem (Theorem 2.3),
either |Gi|
−1di‖χi‖1 = 1 or |Gi|
−1di‖χi‖1 ≥
301
300
.
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It therefore follows from (4.5) that
|{i ∈ I : di‖χi‖1 > |Gi|}| ≤
log(M + 1)
log 301− log 300
<∞ .
In particular, di‖χi‖1 = |Gi| for all but finitely many i.
Theorem 4.3. Let (Gi)i∈I be a family of finite groups and let G =
⊕
i∈IGi. Then the
following are equivalent:
(i) every maximal ideal in Zℓ1(G) has a bounded approximate identity;
(ii) there is a finite subset F ⊂ I such that, for each i ∈ I \ F and each irreducible group
character χ of Gi, we have dχ‖χ‖1 = |Gi|.
(iii) there exists a constant M > 0 such that each maximal ideal in Zℓ1(G) has a bounded
approximate identity of norm ≤M .
Proof.
(iii) =⇒ (i). This is trivial.
(ii) =⇒ (iii). Let F be as assumed in (ii), and define
M :=
∏
i∈F
sup
pi∈Ĝi
dpi
|Gi|
‖Trπ‖1 <∞.
Given ω ∈ sp(Zℓ1(G)), let (χi) be the corresponding family of (irreducible) group characters,
and let di denote the degree of χi. For each finite subset T ⊂ I, define uT ∈ Zℓ
1(
⊕
i∈T Gi) =⊗̂
i∈T Zℓ
1(Gi) by
uT = δe −
⊗
i∈T
di
|Gi|
χi
Order the net (ıT (uT )), where T ranges over all finite subsets of I, by inclusion. Then by an
argument like that in the proof of Theorem 4.2, (ıT (uT )) is a bounded approximate identity
for Kerω, with supT ‖ıT (uT )‖ ≤M + 1.
(i) =⇒ (ii). We prove the contrapositive. Suppose that (ii) does not hold. Then there exists
an infinite set S ⊂ I, and for each j ∈ S an irreducible group character φj on Gj , such that
dj‖φj‖1 6= |Gj |. Since |Gj |
−1djφj is an idempotent in Zℓ
1(Gj), the result of Rider implies
that |Gj |dj‖φj‖1 ≥ 301/300. Now let ω in sp(Zℓ
1(G)) be such that the corresponding family
(χi) of group characters satisfies χj = φj for all j ∈ I. Then as in the proof of Theorem 4.2,
we can show that Ker(ω) does not have a bounded approximate identity.
We have already observed that, for any irreducible group character χ on a finite group G,
we have the lower bound dχ‖χ‖1 ≥ |G|. Let us examine this inequality more closely.
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Lemma 4.4. Let G be a finite group and χ an irreducible character on G. Then dχ‖χ‖1 ≥ |G|.
Moreover, equality holds if and only if
|χ(x)| ∈ {0, dχ} for all x ∈ G. (4.6)
Proof. Since χ is irreducible,
∑
x∈G |χ(x)|
2 = |G|. Hence the first statement in the lemma
follows from the trivial inequality∑
x∈G
|χ(x)|2 ≤ dχ
∑
x∈G
|χ(x)| . (∗)
For the second statement, we need to show that equality holds in (∗) if and only if (4.6) is
satisfied. The ‘if’ direction is clear. Conversely, if (4.6) is not satisfied, pick y ∈ G such that
0 < |χ(y)| < dχ. Then |χ(y)|
2 < dχ|χ(y)|, so that∑
x∈G
|χ(x)|2 = |χ(y)|2 +
∑
x∈G\{y}
|χ(x)|2 < dχ|χ(y)| + dχ
∑
x∈G\{y}
|χ(x)| = dχ
∑
x∈G
|χ(x)|
as required.
Condition (4.6) is very restrictive, and is related to some concepts from the character
theory of finite groups which we now briefly describe.
Definition 4.5 (The centre of a group character). Let χ be an irreducible group character
on a finite group G, of degree d say. Let π be any representation which affords χ, then
{x ∈ G : |χ(x)| = d} = {x ∈ G : π(x) ∈ CId} ⊇ Z(G)
Thus the set {x ∈ G : |χ(x)| = dχ} is a normal subgroup of G, usually denoted by Z(χ) and
called the centre of χ.
Condition (4.6) therefore says that χ is induced from a linear character on its centre.
Following [6], we say that χ is an absolutely idempotent character, and that a group G is AIC if
each irreducible character of G is absolutely idempotent. It follows easily from the definition
that quotients of AIC groups and products of AIC groups are also AIC .
Any discussion of hereditary properties implicitly presupposes that we can find some non-
abelian examples, for otherwise the discussion would be rather vacuous. The smallest such
example is the dihedral group of order 8, whose character table is shown in Figure 1. More
examples are provided by the following result.
Theorem 4.6. Let G be a finite group which is nilpotent of class 2. Then G is AIC.
This result was originally communicated to the second author by I. M. Isaacs, and for sake
of completeness we include a paraphrased version of his argument. (However, see Remark 4.7
below.)
Proof (Isaacs, [3]). Let χ be an irreducible group character on G. It suffices to prove that
χ is absolutely idempotent. Since G/Z(G) is abelian and Z(G) ⊆ Z(χ), G/Z(χ) is abelian.
Therefore, by the proof of [2, Theorem 2.31], χ vanishes on G \Z(χ), and hence is absolutely
idempotent as required.
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{1} {s, r2s} {rs, r3s} {r, r3} {r2}
χ0 1 1 1 1 1
χ1 1 −1 −1 1 1
χ2 1 1 −1 −1 1
χ3 1 −1 1 −1 1
χσ 2 0 0 0 −2
Figure 1: Character table of D4 = 〈r, s | sr = r
3s〉
Remark 4.7. There exist infinite, discrete, nilpotent AIC groups. For example, it is observed
in the discussion following [6, Lemma 1.2] that all divisible or 2-step discrete nilpotent groups
are AIC. For further details on the relevance of the AIC condition to harmonic analysis on
discrete nilpotent groups, see [7] and the references therein.
The authors are unaware of any intrinsic characterization of non-abelian, finite AIC groups.
We can at least rule out many groups using the following result, shown to us by F. Ladisch.
Theorem 4.8 (Ladisch, [9]). Every finite AIC group is nilpotent.
For sake of interest and completeness, we have included Ladisch’s proof in the appendix.
We finish this section by combining the previous theorems into the following result.
Theorem 4.9. Let (Gi) be a family of finite groups and let G =
⊕
i∈IGi.
(a) If every maximal ideal of Zℓ1(G) has a bounded approximate identity, then all but finitely
many Gi must be nilpotent.
(b) If all but finitely many Gi are 2-step nilpotent, then there is a constant M > 0 such that
every maximal ideal of Zℓ1(G) has a bounded approximate identity of norm ≤M .
Proof. Combine Theorem 4.3, Lemma 4.4, Theorem 4.6 and Theorem 4.8.
5 c0 and ℓ
p estimates for elements of sp(Zℓ1(G))
5.1 Preliminary discussions
We start in the more general setting of a discrete FC group G. Given an algebra character
ϕ on Zℓ1(G), there is an obvious way to define a corresponding function ϕ˜ : G → C which
is constant on conjugacy classes (cf. the proof of Theorem 4.1). Abusing terminology, we
will therefore say that ϕ belongs to c0, or to ℓ
p for some 1 ≤ p <∞, when the corresponding
function ϕ˜ is in c0(G) or ℓ
p(G) respectively. We can now state the following result of Stegmeir.
Lemma 5.1 (Stegmeir, [17, Lemma 3]). Let G be a discrete FC group and let ω ∈ sp(Zℓ1(G)).
Suppose that Kerω has a bounded approximate identity and ω ∈ c0. Then ω ∈ ℓ
2.
The proof in [17] is a somewhat indirect argument by contradiction, using the existence
and basic properties of a Plancherel measure on the maximal ideal space of Zℓ1(G). One
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motivation for the present work was to obtain a more concrete approach in the more restricted
setting of restricted direct products of finite groups.
Stegmeir originally applied Lemma 5.1 to show that for a certain FC group G, constructed
explicitly in [17], Zℓ1(G) has a maximal ideal without a bounded approximate identity. We will
present his example later, and – since it is in fact an RDPF group – we will use Theorem 4.2 to
obtain a direct proof which does not require Lemma 5.1. (En route, we will see that for RDPF
groups, Lemma 5.1 is in fact not very useful, see Theorem 5.9 and the remarks preceding it.)
In view of Lemma 5.1, it is natural to attempt to classify the characters on Zℓ1(G) which
lie in c0(G), and those which lie in ℓ
2(G). We shall provide partial results in this direction,
restricting attention to the cases where G =
⊕
i∈IGi is an RDPF group. For such groups, we
can make the correspondence between algebra characters on Zℓ1(G) and certain functions on
G completely explicit. Namely, given ω ∈ sp(Zℓ1(G)), let (χi)i∈I be the corresponding family
of irreducible group characters, and let ψ be the function on G corresponding to ω; then for
each x = (xi)i∈I ∈ G we have
ω˜(x) =
∏
i∈I
d−1i χi(xi) (5.1)
where di is the degree of χi for each i ∈ I. (The product is well-defined, because d
−1
i χi(xi) =
d−1i χi(eGi) = 1 for all but finitely many i ∈ I.) Note that since the family (d
−1
i χi)i∈I satisfies
the conditions of Lemma 5.11, we can use that lemma to calculate ‖ω˜‖p in terms of the group
characters (χi).
5.2 Characterizing when ω ∈ c0
Definition 5.2. Let χ be a group character on a finite group G. The maximal character ratio
of χ, denoted by mcr(χ), is defined to be
sup{d−1χ |χ(g)| : g ∈ G \ {e}}
and is clearly a real number in [0, 1].
Remark 5.3. We note some basic properties of the maximal character ratio, whose proofs
are easy and are therefore omitted.
(i) If χ is irreducible, then mcr(χ) > 0.
(ii) Let χ be a group character on H and ψ a group character on K. Then χ⊗ψ is a group
character on H ×K, and mcr(χ⊗ ψ) = max(mcr(χ),mcr(ψ)).
Theorem 5.4. Let G =
⊕
i∈IGi, let ω ∈ sp(Zℓ
1(G)), and let (χi) be the corresponding family
of group characters. Then ω ∈ c0 if and only if (mcr(χi))i∈I ∈ c0(I).
Proof. Suppose that ω ∈ c0. Let ε > 0, and choose a finite subset S ⊆ G such that |ω˜(x)| < ε
for all x ∈ G \ S. Let F ⊆ I be a finite subset satisfying
S ⊆
⊕
i∈F
Gi ×
⊕
i∈I\F
{eGi} .
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Let j ∈ I \ F ; then for each y ∈ Gj \ {eGj} we have d
−1
j |χj(y)| = |ω˜(ıj(y))| < ε, so that
mcr(χj) < ε. Thus (mcr(χj))j∈F ∈ c0.
Conversely, suppose that (mcr(χj))j∈F ∈ c0. Let ε > 0; then by hypothesis there exist a
finite subset F ⊆ I such that
|d−1i χi(y)| < ε for each j ∈ I \ F and each y ∈ Gj \ {eGj}. (5.2)
Define S = {x = (xi) ∈ G : xj = eGj for all j ∈ I \ F}, which is a finite subset of G. Let
x ∈ G \ S; then there exists j ∈ I \ F such that xj ∈ Gj \ {eGj}, and so by (5.2) we have
|ω˜(x)| =
∏
i∈I
d−1i |χi(xi)| ≤ d
−1
j |χj(xj)| < ε.
Hence ω ∈ c0.
Example 5.5. Let G =
⊕
i∈IGi and let ω ∈ sp Zℓ
1(G), with (χi) being the corresponding
family of group characters.
(i) Suppose that Gi is abelian for infinitely many i. For each i such that Gi is abelian, χi
is linear and so mcr(χi) = 1. Therefore, by Theorem 5.4, ω /∈ c0.
(ii) Suppose there is a fixed finite non-abelian group K such that Gi = K for infinitely
many i. Define m to be the minimum value of mcr(χ) as χ runs over all irreducible
group characters on K; then m > 0 (see Remark 5.3), and mcr(χi) ≥ m for infinitely
many i. So once again, we know by Theorem 5.4 that ω /∈ c0.
To obtain algebra characters on Zℓ1(G) which do lie in c0, we need to have examples of
group characters whose maximal character ratio can be arbitrarily small. We shall describe
two families of such examples.
Example 5.6. Let q = 2n for some n ≥ 2, and let Fq be the finite field of order q. Consider
SL(2, q), the special linear group over Fq; this is known to be simple. It acts by projective
transformations on the projective line over Fq, and hence has a (transitive) permutation
representation on the set Fq ∪ {∞}.
The character χ of this permutation representation satisfies ‖χ‖22 = 2|SL(2, q)|. Hence, by
subtracting the augmentation character from χ, we obtain an irreducible character Stq that
has degree q. (Stq is called the Steinberg character of SL(2, q).) By consulting known tables
(see, e.g. [4, Ch. 28, Exercise 2]), or examining the permutation representation to work out
the values taken by Stq, we find that mcr(Stq) = 1/q.
Hence, if we take any increasing sequence of positive integers (ni)i∈N, and let qi = 2
ni ,
G =
⊕
i∈N SL(2, qi), and ω ∈ sp(Zℓ
1(G)) the algebra character corresponding to the family
(Stqi)i∈N, then ω lies in c0.
(One could replace q with any prime power ≥ 4; we still obtain an irreducible character
Stq on SL(2, q), but since SL(2, q) now has non-trivial centre we will have mcr(St) = 1; on
the other hand, St descends to a character on PSL(2, q) which does have maximal character
ratio 1/q. We omit the details.)
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Example 5.7 (Affine groups of finite fields). Let Fq be a finite field of order q. The affine
group of Fq, which we shall denote by Aff(q), is defined to be the set{(
a b
0 1
)
: a ∈ F×q , b ∈ Fq
}
equipped with the group structure it inherits from the usual matrix product and inversion.
It is a metabelian group; more precisely, it is isomorphic to the semidirect product Fq ⋊ F
×
q .
The character table of Aff(q) is well known (see [18, Chapter 16, Table II.3], for instance)
and is shown in Figure 2. Observe that Aff(q), which has order q(q − 1), has q − 1 linear
characters (corresponding to those on the quotient group F×q ), and precisely one non-linear
character, which has degree q − 1 and maximal character ratio 1/(q − 1).
{e} C1 C(0,y) (y ∈ 2, · · · , q − 1)
size of conjugacy class 1 q − 1 q
χ1 1 1 1
χj (j ∈ 2, · · · , p− 1) 1 1 θj((0, y))
χpi q − 1 −1 0
Figure 2: Character table for Aff(q)
Hence, if we take any increasing sequence of prime powers (qi)i∈N, and letG =
⊕
i∈NAff(qi),
let χpii be the non-linear character on Aff(qi), and ω ∈ sp(Zℓ
1(G)) the algebra character corres-
ponding to the family (χpii)i∈N, then ω lies in c0.
Example 5.8 (Stegmeir). Let P denote the set of all prime numbers, and for each p ∈ P
define Gp :=
∏p−1
i=1 Aff(p). Writing π for the unique non-linear irreducible representation of
Aff(p), let
χp = (Trπ)⊗ · · · ⊗ (Trπ) (p times)
which is an irreducible group character on Gp.
Let G :=
⊕
p∈P Gp, and let ω ∈ sp(Zℓ
1(G)) be the algebra character corresponding to
the family (χp)p∈P (see Theorem 4.1). Since the group character Trπ has maximal character
ratio (p − 1)−1, so does χp (by Remark 5.3), for each p ∈ P . Therefore, by Theorem 5.4, ω
lies in c0.
The original point of Stegmeir’s example is that the ω defined above lies in c0 but not
in ℓ2; hence, by Lemma 5.1 above, Kerω has no bounded approximate identity. However,
Lemma 5.1 turns out to be somewhat misleading when dealing with restricted direct products
of finite groups. Recall that the lemma says: “if Kerω has a bounded approximate identity
and ω ∈ c0(G), then ω ∈ ℓ
2(G)”. The next result shows that if G is an RDPF group – as in
the example Stegmeir considers – then this statement is conditioning on an empty set.
Theorem 5.9. Let (Gi) be a family of finite groups and let G =
⊕
i∈IGi. Let ω ∈ sp(Zℓ
1(G))
and suppose that Kerω has a bounded approximate identity. Then ω /∈ c0.
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Proof of Theorem 5.9. Let (χi)i∈I be the family of irreducible group characters which corre-
sponds to ω, and as usual let di denote the degree of χi. By Theorem 4.2 and Lemma 4.3,
there is a finite set F ⊂ I such that for all i ∈ I \ F , the function |χi| : Gi → C takes values
in {0, di}.
Observe that for any finite group H and any irreducible character ψ on H, there is some
y ∈ H \ {e} such that ψ(y) 6= 0 (this follows from Schur orthogonality). Hence, from the
previous paragraph, for each i ∈ I \ F there exists yi ∈ Gi \ {eGi} with |χi(yi)| = dχi ,
so that mcr(χi) = 1. Now apply Theorem 5.4. (Alternatively, one can avoid appealing to
Theorem 5.4, by using the {yi} to directly construct an infinite sequence {xk} ∈ G satisfying
|ω(xk)| = 1 for all k.)
Remark 5.10. Going back to Stegmeir’s example, we can show more directly that Kerω
has no bounded approximate identity, by following the proof of Theorem 4.2 and using the
information in Figure 2 to explicitly compute the ℓ1-norms of the group characters that make
up ω. In particular, we can do without Rider’s theorem (Theorem 2.3), which seems to be
needed for the proof of Theorem 5.9.
5.3 Examples where ω ∈ ℓp for various p
Although we are primarily interested in deciding whether or not ω ∈ ℓ2, in most of our
examples the calculations can be done just as easily for ℓp.
In the following lemma, infinite sums and products of real numbers are to be understood
in the sense of Section 2.
Lemma 5.11. Let (Gi)i∈I be a family of finite groups, and let G =
⊕
i∈IGi. We denote the
identity element of each Gi by ei.
For each i ∈ I let ψi : Gi → C be a function satisfying ψi(ei) = 1, and define Ψ : G → C
by
Ψ(x) =
∏
i∈I
ψi(xi) for x = (xi)i∈I. (5.3)
Then for each p ∈ (0,∞) we have ∑
x∈G
|Ψ(x)|p =
∏
i∈I
‖ψi‖
p
p . (5.4)
In particular, if ω ∈ sp(Zℓ1(G)) and (χi)i∈I is the corresponding family of group characters,
let di denote the degree of χi; then
‖ω˜‖p =
∏
i∈I
d−1i ‖χi‖p . (5.5)
for every p ∈ [1,∞).
Proof. First of all, we note that the product on the right hand side of (5.3) is well-defined,
since xi = ei for all but finitely many i. Also, since ‖ψi‖
p
p ≥ ψi(ei) = 1 for all i ∈ I, the
infinite product on the right-hand side of (5.4) is well-defined.
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For each finite subset F ⊆ I, let
GF = {x = (xi) ∈ G : xi = ei for all i ∈ I \ F},
which is a finite subset of G. We have∑
x∈GF
|Ψ(x)|p =
∑
x∈GF
∏
i∈F
|ψ(xi)|
p =
∏
i∈F
∑
xi∈Gi
|ψ(xi)|
p =
∏
i∈F
‖ψi‖
p
p (∗)
(all sums and products being over finite indexing sets). Note also that each finite subset of G
is contained in one of the form GF for some finite subset F ⊆ I. Hence∑
x∈G
|Ψ(x)|p = sup
F⊆I,|F |<∞
∑
x∈GF
|Ψ(x)|p
which, by (∗), implies that∑
x∈G
|Ψ(x)|p = sup
F⊆I,|F |<∞
∏
i∈F
‖ψi‖
p
p =
∏
i∈I
‖ψi‖
p
p
which gives us the desired identity (5.4). The last part of the lemma now follows, by using
the identity (5.1) and the observation that diχi(ei) = 1 for all i.
Example 5.12 (An example using the Steinberg characters). Take G =
⊕
n≥2 SL(2, 2
n), and
let ω ∈ sp(Zℓ1(G)) be the algebra character corresponding to the sequence (St2n)n≥2, where
St2n is the Steinberg character on SL(2, 2
n) as defined in Example 5.6. By Theorem 5.4,
ω ∈ c0. Consulting the known character table of SL(2, 2
n), we find that
‖ω˜‖ss =
∞∏
n=2
2ns + 23n − 22n − 2n
2ns
.
From this and (5.4), we see that ω ∈ ℓs if and only if s > 3.
In some sense, Lemma 5.11 characterizes when ω ∈ ℓp, in terms of the ℓp-norms of the
irreducible group characters that make up ω. On the other hand, the ℓp-norms of irreducible
group characters are not well understood, unless p = 2 or the characters are linear. In the
case p = 2 we can be slightly more specific: the following result follows immediately from
the identity (5.5), together with the standard result that the ℓ2-norm of an irreducible group
character on a finite group H is |H|1/2.
Corollary 5.13. Let G =
⊕
i∈IGi and let ω ∈ sp(Zℓ
1(G)); let (χi)i∈I be the corresponding
family of (unnormalized) irreducible characters, and let di be the degree of χi. Then
‖ω˜‖2 =
∏
i∈I
|Gi|
1/2
di
(5.6)
Equation (5.6) imposes strong restrictions on the family (Gi) if we wish to obtain some ω
lying in ℓ2. Namely, the following must hold: for each δ > 0 there exists a finite group H and
an irreducible character χ on H which satisfies (1 + δ)d2χ ≥ |H|. In this context, we raise the
following problem, which may be of interest to researchers in finite group theory:
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Problem. Given δ ∈ [0, 1/2), classify all finite groups H with the property that (1+ δ)d2χ ≥
|H| for some irreducible character χ on H.
The authors know of no value of δ for which such a classification is known.
Example 5.14 (Stegmeir’s example, revisited). Let G =
⊕
p∈P Gp and ω be as described in
Example 5.8. Stegmeir showed in [17], by direct calculation, that ω /∈ ℓ2. This also follows
easily from the formula (5.6): for |Gp| = |Aff(p)|
p−1 = pp−1(p− 1)p−1, while dp = (p− 1)
p−1,
giving
‖ω˜‖22 =
∏
p∈P
(
1 +
1
p− 1
)p−1
≥
∏
p∈P
2 = +∞
We can go further if we use Lemma 5.11. Examining the character table of Aff(q), we see
that for s ∈ [1,∞)(
d−1p ‖χp‖s
)s
=
(
dTr pi
−s‖Tr π‖ss
)p−1
=
(
(p − 1)s + (p− 1)
(p − 1)s
)p−1
=
(
1 +
1
(p− 1)s−1
)p−1
.
(5.7)
By the binomial expansion, the right-hand side is at least 1+(p−1)2−s. Therefore, if 1 ≤ s ≤ 3,
we have (
d−1p ‖χp‖s
)s
≥ 1 + (p − 1)−1 =
p
p− 1
,
and so
‖ω˜‖ss =
∏
p∈P
(
d−1p ‖χp‖s
)s
≥
∏
p∈P
p
p− 1
= +∞
so that ω /∈ ℓs. On the other hand, if s ∈ (3,∞), then since
s log ‖ω˜‖s =
∑
p∈P
s log(d−1p ‖χp‖s) =
∑
p∈P
(p − 1) log
(
1 +
1
(p− 1)s−1
)
,
the standard estimate log(1 + x) < x for 0 < x < 1 implies
s log ‖ω˜‖s ≤
∑
p∈P
(p − 1)2−s <
∑
n≥2
n2−s <∞,
and thus ω ∈ ℓs. The first author thanks G. Robinson [15] for showing him these calculations.
It is natural to wonder what summability properties can be exhibited by various ω. Clearly,
if G is virtually abelian then none of the algebra characters on Zℓ1(G) can lie in c0. The
following examples will show that within the class of metabelian groups, one can obtain
examples with characters lying in c0 but not in ℓ
s for s <∞, and at the other extreme obtain
examples with characters lying in every ℓs for s > 1.
Example 5.15. For each prime p ∈ P , let Gp = Aff(p)
2p . Let ω ∈ sp(Zℓ1(G)), let (χp)p∈P
be the corresponding family of group characters, and let dp denote the degree of χp. Note
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that since Aff(p) has an irreducible group character with maximal character ratio (p − 1)−1,
so does Gp (see Remark 5.3), and therefore it is possible to have ω ∈ c0.
On the other hand: let s ∈ [1,∞). By inspecting the possible cases, we see that(
d−1ψ ‖ψ‖s
)s
≥ 1 +
1
(p− 1)s−1
for every irreducible group character ψ on Aff(p).
Therefore, since χp is a tensor product of irreducible characters on Aff(p),
(
d−1p ‖χp‖s
)s
≥
(
1 +
1
(p − 1)s−1
)2p
> 1 +
2p
ps−1
showing that ‖ω˜‖ss = +∞.
Example 5.16. Fix a prime p and consider G =
⊕
n≥2Aff(p
n). Let ω ∈ sp(Zℓ1(G)), and let
(χn) be the corresponding sequence of group characters. Recall that Aff(p
n) has a unique
non-linear irreducible character, of degree pn−1, which we shall denote in this example by ψn.
For each s ∈ [1,∞), a short calculation gives(
1
pn − 1
‖ψn‖s
)s
= 1 +
1
(pn − 1)s−1
≤ 1 + p−(s−1)(n−1) .
Now, for each n, either χn is linear or χn = ψn. Let
Kω := {n ∈ N : χn is linear}.
If Kω is infinite, then since mcr(χn) = 1 for all n ∈ Kω, it follows from Theorem 5.4 that
ω /∈ c0. Suppose, on the other hand, that Kω is finite, and let s > 1. Then by Lemma 5.11,
‖ω‖ss =
∏
n∈N
d−sχn‖χn‖
s
s =
( ∏
n∈Kω
pn(pn − 1)
)s ∏
n∈N\Kω
(
1
pn − 1
‖ψn‖s
)s
≤
( ∏
n∈Kω
pn(pn − 1)
)s ∏
n∈N\Kω
(
1 + p−(s−1)(n−1)
)
≤
( ∏
n∈Kω
pn(pn − 1)
)s
exp
(
∞∑
n=1
p−(s−1)n
)
is finite.
Direct calculation shows that when G is as in Example 5.16, none of the algebra characters
ω ∈ sp(Zℓ1(G)) lie in ℓ1. The following result shows that this is not a failing of our example,
but a general result.
Theorem 5.17. Let G =
⊕
i∈IGi be an RDPF group, and let ω ∈ sp(Zℓ
1(G)). If G is infinite,
then ω /∈ ℓ1.
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Proof. Since G is infinite, I is infinite; we may also suppose without loss of generality that
|Gi| ≥ 2 for all i. Let (χi) be the family of group characters corresponding to ω, and for ease
of notation let di denote the degree χi.
Using Lemma 5.11 and the fact that |Gi| ≥ d
2
i ,
‖ω˜‖1 =
∏
i∈I
d−1i ‖χi‖1 ≥
∏
i∈I
di
|Gi|
‖χi‖1 . (5.8)
Define F = {i ∈ I : di‖χi‖1 = |Gi|}. Since the support of χi contains at least one non-identity
element, for each i ∈ F we have mcr(χi) = 1, by Lemma 4.4.
If F is infinite, then (mcr(χi))i∈I /∈ c0(I), so by Theorem 5.4 ω does not lie in c0, and so
cannot lie in ℓ1. On the other hand, if F is finite, then I \ F is infinite, and so by combining
the inequality (5.8) with Rider’s result (Theorem 2.3) we obtain
‖ω˜‖1 ≥
∏
i∈I\F
di
|Gi|
‖χi‖1 ≥
∏
i∈∈I\F
301
300
= +∞ ,
showing that ω /∈ ℓ1.
We finish by remarking that most of our examples have been built out of groups of the
form Aff(q). This is to demonstrate that we can achieve a wide range of behaviour of ℓp-norms
of characters on Zℓ1(G) while staying within the class of metabelian groups. However, the
formulas we have to date suggest that if we merely require algebra characters that lie in ℓs
where s ∈ (2,∞), then we should have many more examples (cf. Example 5.12).
A Appendix: finite AIC groups are nilpotent
We present a proof of Theorem 4.8, namely that a finite AIC group must be nilpotent. The
argument is paraphrased from one shown to the second author by F. Ladisch [9], and is
included here with his kind permission. We have tried to make the presentation accessible to
non-specialists in character theory.
Let us recall some of the relevant definitions and basic facts. When χ is an irreducible
group character on a finite group G, the centre of χ, denoted by Z(χ) of χ is a normal subgroup
of G. We say χ is absolutely idempotent if and only if Z(χ) = supp(χ).
The following lemma, which appears to be well known to specialists, uses no special
properties of G.
Lemma A.1. Let N be a normal subgroup of G and let χ be an irreducible character of G. If
N contains a non-identity element, then so does N ∩ supp(χ).
Proof. Consider the character χ|N . We have two cases to consider. If χ|N is not orthogonal
to the trivial character εN , then since N is normal it follows from a theorem of Clifford that
χ is proportional to εN (see, e.g. [2, Corollary 6.7]). In particular, N ∩ supp(χ) = N contains
a non-identity element.
On the other hand, if χ|N is orthogonal to εN , then 0 = 〈χ|N , εN 〉 =
1
|N |
∑
x∈N χ(x). Since
χ(e) > 0, χ must be non-zero on at least one non-identity element of N .
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Corollary A.2. Let G be a group with at least two elements, and let S be a set of absolutely
idempotent characters on G. Then
⋂
χ∈S Z(χ) contains a non-identity element.
Proof. We induct on the size of S. If S is empty there is nothing to prove. Otherwise, suppose
χ1, . . . , χn−1 are absolutely idempotent characters for which N := Z(χ1) ∩ · · · ∩ Z(χn−1)
contains a non-identity element. N is a normal subgroup of G, since Z(χi) is for each i; and
since χn is absolutely idempotent , supp(χ) = Z(χn). By Lemma A.1, N ∩ Z(χn) therefore
contains a non-identity element, completing the inductive step.
Proof of Theorem 4.8. We argue by strong induction on the order of the group. Every group
of order ≤ 5 is abelian, hence in particular both AIC and nilpotent.
Let n ≥ 6 and suppose inductively that all AIC groups of order < n are nilpotent. Let
G be an AIC group of order n. Now Z(G) =
⋂
χ∈Irr(G) Z(χ) – this is true for any finite
group, see [2, Corollary 2.28] – and therefore by Corollary A.2, Z(G) contains a non-identity
element. Since quotients of finite AIC groups are themselves AIC, G/Z(G) is AIC and has
order ≤ n/2 < n, and so it is nilpotent by the inductive hypothesis. But then G is a central
extension of a nilpotent group, and so is itself nilpotent.
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